The weak coupling of photons to otherwise-free electrons is a fundamental building block of lightmatter interaction. It is widely utilized for structural and material analysis in electron microscopes, and recently, also for optical manipulation of the electronic wavefunction. This work proposes an experimental approach to reach a strong coupling of electrons to a narrow band of cavity photons, and formulates an analytical model of the interaction for an arbitrary (weak and strong) coupling strength. Entanglement properties of the cavity-photons with electrons are investigated, as well as the possibility to use the cavity to mediate non-Coulombic entanglements between two distant electrons. The coupling constant is evaluated quantitatively, through comparison with known light-electron interactions. The ability to imprint quantum-optical states on free-electrons may open an exciting option to use electrons, rather than photon, as quantum-information carriers across long distances in vacuum, e.g. in space.
The proposed experimental concept for reaching strong coupling is shown in Figure 1 (more details are discussed later on and in Figure 5 ). The optical excitations are whispering gallery modes (WGM) of a stadium-geometry cavity based on a thin waveguide. An electron beam passing parallel to a straight section of the cavity, which is a single mode fiber, excites a bound mode via the interaction with the mode's evanescent tails in the vacuum. The conservation of both energy and momentum between the electron and light is fully fulfilled only for a specific photon energy, for which the electron travels at the mode's phase velocity. For long interactions only a narrow spectral region is coupled efficiently. In the example shown on Figure 1b , a silica fiber optimized to couple 300 keV electron beams to photons at 1.55 eV allows for a spectral coupling bandwidth of only 0.04 eV after a propagation length of 100 µm. Importantly, the momentum-matching condition, also referred to as phase-matching, allows for the signal within the interaction bandwidth to grow coherently, and to approach strong coupling. Figure 1 -Narrow-bandwidth coupling of electrons with an optical whispering gallery mode (WGM). (a) An electron propagating parallel to a straight arm of a stadium-geometry resonator exchanges energy via the mode's evanescent field. (b) Matching the electron's and the optical mode's velocities limits the coupling to a narrow spectral range. One can interpret the coupling probability spectrum as the expected EELS spectrum originating from the excitation of a cavity mode. For example, the propagation of 100 µm near a silica resonator which is optimized for photons with ℏ = 1.55 , results in a FWHM bandwidth of 0.04 eV. Details on the calculation are in the text. Figure 2 -Equally spaced energy-ladder states of cavity photons (blue ladder) and an electron in a beam (orange ladder). The description of the electron as a ℏ -spaced ladder is based on the narrow-band coupling of phasematched interaction. The semi-infinite photon energy levels have a ground Fock-state, |0⟩, while the relativistic electrons have an symmetric ladder, centered around the zero-loss energy, , with levels for gain and for loss. After interaction with an empty cavity, any electron energy-loss is stored in the cavity, thus, a final electron state | ⟩ is entangled to the photonic Fock-state | ⟩. The generalization to multiple exchanges of energy is done using the modified displacement operator (eq. (4)).
The narrow spectral response of the proposed system allows to define a fundamental photon energy, ℏ , for the photon which is phase-matched with the relativistic electron.
is the angular frequency and ℏ is the reduced Plank constant. Thus, spectral shifts due to a finite electron wavepacket [25] are omitted. The photon Fock-states in the cavity are represented by a semi-infinite energy-ladder ( Figure 2 , blue ladder), with the standard non-commuting ladder operators, , = 1. Since the electron has non-zero energy, , and can exchange quanta of ℏ with the cavity, its state can also be described as an energy-ladder, which includes gain and loss branches (Figure 2 , orange ladder). The electron state, | ⟩, can be characterized by complex coefficients, , providing the amplitude and phase of any energy state, | ⟩ | ⟩ = | ⟩ .
The energy of the state is = + ℏ where is also referred to as the zero-loss energy. For relativistic electrons, with approximately linear dispersion relation, the ladder operators are
which means they commute, , = 0. Here, is the propagation coordinate of the electron beam, and Δ is the momentum difference between adjacent energy states. Detailed expressions are in the supplementary information. When the electron interacts with a photon field, the Hamiltonian can be written in a minimal coupling form, = + , in the interaction picture. The local interaction strength parameter, , can be chosen as real-valued. Since the interaction region is finite, the final state is well described by the scattering-matrix formalism, = | ⟩. The scattering matrix is a cascaded operation of the local interaction Hamiltonian
with as an effective interaction time. The multiplication is understood as the cumulative interaction strength = ∫ ( ) , accumulating the effect of possible variations in the instantaneous strength, ( ), along the interaction path. Time-ordering is omitted in cases where the Hamiltonian is time-independent, and dispersion of the relativistic electrons can be neglected. Since is real, one can define a purely imaginary interaction constant, = − /ℏ, and write as a modified displacement operator, (cf. methods in ref. [2] 
The modification is the use of an operator argument, , in the typically scalar argument of displacement operators. The commutation of and allow them to play a similar role to a scalar. The modified displacement operator is the generalization of the quantized interaction of light and a free electron, at an arbitrary interaction strength, , and is the main tool employed in the following.
The first example investigated in the strong coupling regime is the controllable entanglement between two consecutive electrons, mediated by photons in a dielectric WGM cavity. Long lifetimes of photons in the cavity allows to link distant electrons, and thus suppress their Coulomb repulsion. The first electron passing in close proximity to the cavity excites a co-propagating mode in a coherent state. The strong interaction accumulated over the long phase-matched interaction length (many microns) enables the transfer of electron energy towards the creation of multiple cavity photons. The electron and photon energy states are now entangled, through the conservation of energy in each quantum state. A subsequent electron interacts with the cavity mode, and thus entangles with the first electron.
The state of the combined electron-photon system before any interaction can be written as a single pure state,
The first index is the electron energy, which is still loss-less, and the second index counts the number of excited photons. The final state after the first interaction, , is a coherent state [26] , as for plasmons [27] , in which energy conservation entangles each optical Fock-state to an electron energy-loss state.
Here, the final state is expressed in terms of electron-photon states, with a total energy . counts the quanta of energy transferred to the photon field, and hence lost to the electron field. The calculation is shown in detail in the supplementary. The state can be interpreted through its EELS spectrum. For comparison with EELS experiments, one should consider a weak coupling in eq. (6), where only one energy-loss channel is detectable, with population probability of | | . Higher EELS orders [27] require to reach strong coupling | |~ 1 (In the supplementary, strong coupling EELS is derived as PINEM without a driving field to touch upon their equivalence).
For the second electron, an initial energy ℰ and a coupling coefficient are assumed. Since the second electron approaches an already populated cavity, it can either gain or lose energy. The final three-system state following the interaction of a second electron, ,
, is the complex amplitude for a state in which the first electron lost energy quanta, the second electron gained quanta, and − quanta remained in the photon field. , is given by
without approximations (see supplementary). It is worth noting that the two cases can be merged when expressing the factorial in terms of Riemann's gamma function, through which factorial of negative numbers is defined. Figure 3a -b express the two-electron spectral probability, , , for the case of double strong electron-photon interaction, | | = | |, and Figure 3c shows an extremely imbalanced case, | | = 10, | | = 0.25. Entanglement between the two electrons, or its absence is marked on the two-electron spectrogram by the tilted or horizontal fringes, respectively. The bottom axis shows the electron energydistribution of the first electron and the axis on the right shows the spectrum of the second electron, having a mean value of | | and | | , respectively, as in eq. (6). The second electron can undergo both gain and loss, which result in an width of 4| |. Figure 3a exhibits a simple form of entanglement, where a single energy loss of the first electron can exist with either gain-or loss-states of the second electron, but not with a loss-less state (gray circle marks the suppressed probability).
The entanglement is fully removed when the interaction strengths differ substantially. In the regime of a weak coupling of the second electron, | | < 1 ≪ | |, it obtains a Bessel-function spectrum as for PINEM experiments with a strong (i.e. classical) laser field [2, 3, 6] . This is nicely demonstrated with the zoomed spectrogram and the horizontally integrated spectrum on Figure 3c . The second-electron spectrum is symmetric for gain and loss, with spectral probability oscillations, nearly independent of the quantum state of the first electron (see horizontal lines in Figure 3c ). The distribution width of 4| | corresponds to width of 4| | for PINEM interaction, with being the Rabi parameter [2, 6] . Later on, this paper shows that | | is the probing-electron's coupling constant | |, times the square root of the photon number in the optical coherent state, here equal to | |. Although, in principle, electrons in a uniform electron beam should have identical couplings, I investigate the case of drastically differing couplings. At this regime, one can think of the first electron as pumping a nearly classical state which acts as the driving laser for PINEM effects of the second electron. The EELS spectrum of the first electron (bottom axes in Figure 3 ) quantifies the photon stated pumped in the cavity. As the calculation for the quantum two-electron interaction asymptotically approaches the experimental observations of PINEM at the limit of strong classical fields, one can ask, what is expected from PINEM interaction in the few photons regime? In which cases the electron adheres to the typical Bessel-type spectral probabilities of PINEM, (2| |) ? Here, is the Bessel function of the first kind and is the energylevel index. 
This is the general expression for an electron spectra following the interaction with a coherent state. The supplementary shows that , in eq. (9) and , in eq. (8) are identical. The only difference is an index change = + , originating from choosing the photon state as the observable quantum number. Figure   4 shows the photon-electron spectrogram, , , under strong and weak coupling conditions, for parameters comparable with , Figure 3 . The index change, = − , manifests itself as shearing in the , spectrogram, compared with the electron-electron energy maps in Figure 3 . The final photon state (bottom curves, blue) deviates dramatically from a coherent state (bottom curve, dashed) in the case of strong coupling. The broadness arises from the multitude of loss-and gain-channels when the coupling increases. For weak coupling, however, the photon Fock-state distribution weakly depend on the gain state; even the shearing effect in the spectrogram is minute compared to the initial Poisson energy distribution (cf. Figure 4b ). It is at the extreme of this regime, which result in a Bessel-like spectral probabilities, that PINEM experiments have thus far been conducted [2, 8, 9] . One should note that the known symmetry between the probabilities of the loss-and the gain-channels only arises for weak couplings. In the strong coupling regime in Figure 4a , the electron spectrum is symmetric, but around a mean loss of | | = 9, regardless of the optical field amplitude. The limit of field-less PINEM, = 0, is the strong-coupling EELS (see notes supplementary). Figure 4 -Spectrograms for the entangled photon and electron states following PINEM for an initial photon coherent state | ⟩, and a coupling to a passing electron: (a) for = 3, = 3 and (b) for a weakly coupled electron passing by a cavity with 100 photons, = 10, = 0.25. The electron-photon correlation is apparent in the above shearing, with respect to the two-electron spectrograms in Figure 3b -c. The shear links electron-gain to photon-loss, and vice versa. While the spectrum of the electron (right-side axis) is unaffected by the shearing, the gain-and loss-affect the photon spectrum (bottom axis, blue) dramatically in the strong coupling regime, compared to the initial distribution (bottom, dashed). I the strong coupling regime as in (a), both the energy correlation and the entanglement are apparent (dashed gray lines). However, in the weak coupling regime as in (b), the initial and final photon-states are similar, with negligible correlation with respect to the energy variance, which indicates disentangled photon and electron states. PINEM experiments thus far accessed the limit of this disentangled regime.
In the limit of PINEM with classical fields weakly coupled to a traversing electron, | | ≫ 1 ≫ | |, eq. (7) can be simplified dramatically. In this case, the total energy quanta in the system, | | = ⟨ + ⟩ ≈ ⟨ ⟩, is much larger than ℓ, for terms with a meaningful contribution to the sum. Thus, one can approximate the square brackets as ( + + ℓ)!/( + )! ≈ ( + ) ℓ , and merge it with the term (−| | ) ℓ . Thus, the sum can be written as Bessel functions with a pre-factor,
The supplementary shows that the approximation ( + ) = ⟨ + ⟩ decouples the electron and photon states, such that
In other words, the classical limit is retrieved by neglecting quantum fluctuations added by the interaction.
Considering the photon-electron spectrograms for PINEM in Figure 4b and Figure 4a , respectively, this approximation becomes adequate even for a moderate coherent state population of 100 photons, but breaks spectacularly for electrons strongly coupled to a few-photon state.
The relation = √ + in eq. (10) allows to determine the coupling constant quantitatively. Note that ( + ) initial photon population, from which quanta were delivered to the electron. For PINEM with classical fields, is a unit-less parameter that weighs the photon energy against the energy transfer to the electron from the parallel field-component, (eq. (3) in ref. [2] ). Representing the classical fields as a coherent state with amplitude , and an average photon population of ⟨ + ⟩ = | | , allows to retrieve the coupling constant for frequency
Intuitively, one can use eq. (12) to interpret ( ) as the strength of a PINEM effect for a cavity populated by one photon in average. Here, is the electron electric charge, is the effective interaction length, and , ( ) is the mode's electric field component parallel to the electron beam, at position and time ( ), along the electron trajectory. Eq. (12) has few important aspects, especially when implemented to a long interaction length, e.g. many µm: (i) The interaction length is effectively limited by the typical lifetime of the photon in the material. For plasmons in metals it is few µm, but for transparent dielectrics it can be kilometers. (ii) The optimal coupling occurs when , ( ) is constant along the electron trajectory. This is the phase-matching condition, that is, when the electron group velocity equals the photon mode phase velocity, the electron experiences a time-independent optical field. (iii) The optimal coupling scales as ∝ √ , since eq. (12) scales like , and the electric field per-photon scales as 1/√ due to an increase of the mode-volume [28] . Conceptually, the ultimate coupling would be for a straight fiber with periodic boundary conditions and length . One can realistically reach 1/√2 of that, for a cavity mode that also propagates the distance back to the origin. (iv) As illustrated in Figure 1 , the phase-matching requirement limits the photon excitation bandwidth due to fiber modal and spectral dispersion.
An optimal cavity design for a strong coupling of photons to monochromatic electron beam requires a small mode volume, matching the optical-phase and electron velocities, and an evanescent wave in vacuum, with a meaningful field component parallel to the electron motion, . Those can be achieved in WGM cavity, based on a straight single-mode fiber (see the inset in Figure 1a ). A small fiber diameter is instrumental. First, it minimizes the mode volume and limits the number of competing modes. Second, it increases the evanescent tails in vacuum, with which the electron can interact. Third, the confinement tilts the electric field and increases the parallel component, . And forth, the modal phase velocity approaches the speed of light in thin fibers, and thus, can match the velocity of relativistic electrons. The stadium-geometry of the proposed resonator allows a long straight fiber section, while minimizing the additional mode volume. Figure 5a shows the coupling of electron beams to a mode with a photon energy of 1.55
) in a step index profile [29] . For the selected parameters (fiber diameter of 725 nm and 100 µm length, electron zero-loss energy of 300 keV) the coupling reaches = 0.67 (circle marker on Figure 5a ). Figure 5b shows the coherence length [30] , , as a measure for deviation from phasematching. The coherence length diverges for the perfectly phase-matched wavelength, 800 nm. Figure 5c quantifies the spectral narrowing of the coupling, as a function of the interaction length. For interactions around or longer than 100 µm, the typical coupling bandwidth is in the meV range. In the example shown in Figure 1b the coupling probability spectrum is | ( )| , which is the expected EELS spectrum. In this example, there are 20 modes within the phase-matching bandwidth, independent of the bandwidth, since the bandwidth scale as 1/ and the number of modes as . Thus, to isolate the excitation of a single mode, additional filtration schemes would need to be implemented. Naturally, longer interaction lengths, would increase the coupling and narrow the spectrum further. As a specific example, I consider the stadium-shaped WGM cavity with a 200 µm straight arm and a negligible semicircle circumference, comprising a silica fiber with a diameter of 725 nm. The WGM supports unidirectional modes propagating along the electrons. Since the stadium has one non-interacting arm, the mode volume is twice larger, which lowers the coupling strength by √2. An electron beam passing close to the cavity wall would have a coupling strength of = 0.67. To keep the electron-beam smaller than the evanescent tails of the optical mode, say ~20 nm, a semi-convergence angle of 0.05 miliradians would be necessary. Such parameters can be achievable with modern high resolution-TEMs (e.g. X-FEG module for the Titan) at reasonable currents.
There are basic points to consider for the cavity design: (i) Many degrees of freedom affect the coupling strength, and its spectral widths: material selection, designed fiber cross section, and optimized electron beam parameters (e.g. high-voltage) may offer substantial improvements. (ii) Other cavity design, such as a straight waveguide bounded by Bragg reflectors may offer superior wavelength selectivity and, thus, isolate a single mode. Although such modifications may hinder the cavity quality factor, moderate qualities (Q~5000) should provide for sufficient photon lifetime to observe two-electron entanglement. With these modifications, and possibly others, unprecedented strong coupling effects may be reached in the not-distant future. Figure 5 -(a) The coupling constant to a 100-µm-long silica step-index fiber (left axis, blue) and the phasematched electron energy (right axis, orange) for 800 nm photons, as a function of the fiber diameter. The dashed lines guide the eye to the phase-matched condition with 300 keV electrons. These reach a coupling strength of = 0.67 after a 100 µm interaction length (blue circle). The maximum coupling here is for 370 keV (squares). (c) The coherence lengths for a waveguide optimized for 800 nm radiation. (d) The coupling bandwidth narrows as the interaction length increases, which is expressed as the full-width at half maximum (FWHM) for the wavelength (blue curve, left axis) and the photon energy (orange curve, right axis). The spectral shape can be seen on Figure 1b for 100 µm propagation.
To conclude, this work proposes a path towards a strong coupling between electrons and cavity-photons, and investigates phenomena that this regime may open. A long and phase-matched propagation of an electron-beam near a straight section of a cavity increases the coupling dramatically and also limits it to a narrow-bandwidth. The simplifications arising from the spectral selectivity of the phase-matching mechanism enable the formulation of a closed analytical model for the electron-photon interaction. Thus, novel strong-coupling and known weak-coupling phenomena can be addressed on an equal footing. Specifically, I show that the strong coupling to a cavity can entwine the quantum state of two consecutive electrons, entangling their final energies. Investigation of the PINEM effect, which motivated this work, reveals that when a coherent-state of light is strongly coupled to an electron, the resulting distribution of the photonic Fock-state broadens and deforms substantially. These results set a road-map for an experimental observation of free-electrons strongly-coupled with photons, and exemplify few of many new phenomena that may be accessible in this regime. Some strong-coupling effects should be accessible even for currently available electron microscopes. In the future, the ability to imprint quantum-optical states on relativistic electron-beams may enable the use of electrons as information carriers for long-distance communication, as in space, where one can utilize their low divergence and also manipulate them with electric and magnetic fields. 1 Basics of the coherent interaction between electronic and photonic states
Assumptions
• The initial electron state, |ψ i , is equidistant in energy.
The electronic part of the state may just be written as |E j , similar to Feist et al. 2015 [1] .
• • For simplicity, the electrons interact with a harmonic system, with energy spacing ω 0 , resonant with the electron energy spacing.
• For the photons the ladder operators are the standardâ andâ † , with â,â † = 1.(See for example quantization in Scully and Zubairy [2] or Mandel and Wolf [3] )
• The operator of the electric field for free space, is
That can be written for simplicity as Ê (r, t) = Ê (+) (r, t) + Ê (−) (r, t)
Here I just abbreviate
, where the time and space dependency are understood. The quantization of fiber modes has a similar form, see section 5.
• The interaction Hamiltonian is H e + H np + H I
The Hamiltonian for a local interaction is
The exact form of the electron Hamiltonian, H e , and the operators b, b † is described in section 4. ξ is the local coupling strength, with units of energy. It is meaningful only in the context of the total interaction strength, as e.g. in eq. (6).
• The dispersion distances can be evaluated from a Taylor expantion of the phase for an electron plane-wave
The dispersion can be neglected for short propagation distances, z z dispersion , where
For example, electrons at 300 keV, and 15.5 eV bandwidth (10 orders of photons with 800 nm vacuum-wavelength), z dispersion ≈ 10 mm.
The displacement operator -S-matrix approach
In the case of a strong coupling, the scattering operator (in the interaction picture),Ŝ need to be accounted for in fullŜ
Here, I removed the time-ordering operator, T , since the there is no time dependence for the operator productbâ † for interaction lengths short enough to suppress dispersion (see eq. (4))
τ is an effective interaction duration. Additional phases, such as temporal-delays accumulated by the electron energy-states, can be neglected below the characteristic dispersion distance, as in eq. (4).
Derivation of the S-matrix as a displacement operator
Eq. (6) has the form of the displacement operator,
For this to be correct, ξτ ∈ eal. Aditional comments:
• The only difference of D b α from D (α) is thatb is an operator. It implies conservation of energy, where every Fock-state is entangled with the corresponding state of an electron energy loss |E j−n , n .
• If ξτ ∈ eal, than the translation parameter, α, is purely imaginary. This means that when the electrons interact with radiation they change momentum, without instantaneous shifts. Time (or propagation) translates momentum difference to modifications of the probability distribution.
Example 1 -Coupling of electron energy-ladder state (e.g. following PINEM) to an empty cavity -expected photon emission and EELS spectrum
When an electron in multiple energy states |E j is coupled to a photonic mode, the final state is
Where eq. (9) can be considered the definition of the states |E j−α , α , which is an entangled electron-photon coherent state. The emitted field is ψ f |â| ψ f . The right-hand side iŝ
By shifting the j-indices, c j → c j+1 and E j−1 → E j , one can writê
Clearly, the entangled electron-photon coherent state is an eigenstate ofb †â , not ofâ alone, since the entanglement is between states with a total energy E 0 . The emitted field is
In fact, since α = α ,
2 Effects for photons interacting with an electron-beam
EELS as field-less PINEM -strong interaction without a driving field
A strong interaction depends on the coupling parameter, α, with the light field acting only as the initial state. Due to conservation of energy, one expects to end with energy-loss, E −k , with k > 0. The probability amplitude to find an electron in energy E −k can be written as
Here, I used the Backer-Campbell-Hausdorff formula (BCH) to express the displacement operator(eq. 
This is the expected Poisson distribution (see Garca de Abajo, ACS nano, 2013)
PINEM -electron interaction with a strong laser-field
For PINEM, the initial state |ψ i , before the electron interacts with light is an uncorrelated state,
For large β the optical coherent state is a good approximation for classical fields. The important quantum numbers for the final state are the final quanta of electron-energy gain, k, and the remaining number of photons n,
The PINEM interaction can be written by the displacement operator. Thus, one remain with a summation over ,
Orthogonality of the states imposes
After some rearrangements, the final expression for the final-state amplitudes is
This is an exact expression for the quantum state following PINEM, at any coupling strength. To extend this expression for gain (k > 0) and for loss (k < 0) one can replace the factorial operations by Riemann's gamma function x! → Γ (x + 1), which diverges for negative integers. Since the factorials terms (k + )! ! diverge in the denominator, their corresponding arguments can be ignored. This nullification eliminates any difference for the selection of a summation index ( or m) or the summation boundaries (starting at 0 or at −∞). The term marked ( * ), is either ( * ) = 1 for = 0, or ( * ) = 0 for > 0, and is thus regularized. Section 2.2.3 retrieves the explicit PINEM coefficients for gain and loss, using factorials, rather than Riemann's Gamma-function.
Retrieving the experimental PINEM spectrum for weak interaction with strong fields
Here, I show how the derivation above retrieves the known PINEM spectrum for the electron, and in what conditions the field is decoupled from the electron state modification. Using eq. (21), in the parameter regime accessible to experiments to date, this derivation should yield the a Bessel-function spectrum -∝ |J k (2 |g|)| 2 , with a possible additional phase. In the experiments the coupling is weak, the field is strong, and there are only few quanta of energy exchanged between the photons and the electrons Although the summation is up to → ∞, the argument of the sum decays rapidly for > |α| 2 , so one can compare with other parameters of this system. By employing eq. (67), and the ratio / (n + k) 1, one can write ( * ) ≈ (n + k) . In that case, the summation arguments acquire the following form
where g is
This brings the form of the Bessel-function amplitudes to the energy spectrum,
The above approximation almost reproduces the Bessel-like amplitudes of PINEM, but it leaves some correlations between n and k. To remove these correlations, one has to mitigate the initial correlations of the coherent state. Specifically when assuming < j >=< n + k >≈ |β| 2 and √ n + k ≈ n + k the following is simplified
The photon states and electron states are now separable.
≈ n e −|β| 2 2
I used here the relation g = −g * , or arg (g) = arg (−g * ) since α = −α * .
Comments on PINEM with nearly classical fields
I would like to stress some points from the above derivation of final state for strong fields interacting weakly with electrons:
• g has the same meaning as for classical fields, as in Refs. [1, 4] .
• The electronic states have the amplitude as in the experiment, c k = e ik(arg(βg)) J k (2 |g|) .
• g is proportional to the electric field and the coupling constant, g ∝ α |E|, since |E| ∝ n + k = |β|. This is in agreement with the it's classical definition.
• There is a phase locking between the initial coherent state and the electron state. It appears in the argument e ik(arg(βg)) .
• The locking phase just contributes an linear phase with the energy, that is, it provides for the definition of time-zero.
• |g| = |αβ|, which means that you can increase the width of the electron spectrum (have many PINEM orders, ∆E ∝ 2 |g|). The scaling will be linear with the interaction length (via α), and linear with the driving electric field (via β).
• Since for a coherent state |β , the coupling and g are related by g = α|β|, it means that the coupling, α can be retrieved from classical calculations of PINEM by
• As mentioned in the main text, the equivalence of the gain and loss channel originates from a small coupling, |α| 1. The mean energy loss is |α| 2 .
• In practice, the correlations between the photon states n and the electron energy indices k is negligible for a high-β coherent state and weak coupling. This is visualy clear from the calculation in the main text.
Separated the PINEM electron-photon for gain and for loss
One reason to keep the factorials in eq.(21) is the numerical errors induced when evaluating Γ(x + 1). Thus, for the calculation presented in the figures of the main text, I explicitly separated the expression to the cases of k ≥ 0 and k < 0. This is done by choosing the summation index that spans 0 → ∞,
for
Such a separation would explicitly assure that the physical constraint are met m, , j, n ≥ 0. First, for k ≥ 0 we have eq. (21), with as the summation index. For k < 0, the index selection in in eq. (29) is = m − k and n = j − k,
The last expressions are retrieved by changing the summation index to , and −k → |k|, and using α = −α * . Thus, the two expressions for gain and loss, eqs. (21) and (32), respectively, can be combined
3 Two-electron interaction mediated by cavity photons
After an interaction of an electron with a cavity, eq. (18) calculates the final state amplitudes,
It is a coherent photonic state with parameter α 1 , the strength of the first interaction, and an electronic part that conserves a net energy E 0 . The loss index is changed here to κ to differ the loss of the first electron from the gain index of the second electron, k. I now consider a second electron with energy E 0 = E 0 . The different symbol just marks a difference between the first and the second electrons. Thus, the initial electron-electron-photon state, before the second electron interacts with stored photons is
The final state can be characterized by the individual electron-electron-photon states,
The coefficients are given by the projection
Note that here the operatorb is acting on the second electron, leaving the first unchanged. The stats' ortogonality imposes
Similar to the discussion in section 2.2.3, the indices selection m, differs for the gain-and losschannels
First, for the case of energy gain by the second electron, k > 0, the above overlap is
The relation n + k = κ allows the last equation to be written with as a function of the electron energies only, k, κ. So, one can write the coefficients c κ,k
The term (κ − k)! ≥ 0 since the conservation of energy requires that n ≥ 0. In other words, the highest k is the full conversion energy taken from the 1 st electron to the 2 nd . Thus, this term nullifies the probability for a non-physical energy-gain of the second electron. Finally, one can combine the expressions for the energy-gain and energy-loss for the second electron,
Using the equality −α * 2 = α 2 , setting |k| appropriately, and using just either as a summation index, a more compact equation can be written
Here, I used the equality −α * 2 = α 2 , and also used α |k| 1. Checking the limit of no initial gain -if the interaction strength of the first electron is nullified, |α 1 | = 0, the interaction of the second electron should result in the spectrum of a single interaction. Only the coefficients with κ = 0 survive due to the factor α κ 1 , and the √ κ − k term suggests that k ≤ 0. The second electron can only lose energy. According to eq. (40), the coefficients c κ,k will be
which is Poissonian, just as in eq. (18) .
2. The coefficients retrieved from the two-electron interaction (eq. (40)), and for the PINEM interaction (eq. (34)) are equivalent, by just an selecting indices. Since the first electron in the two-electron case induces a coherent state, the following stage, which is the interaction of a coherent state with an approaching electron is identical. However, The important difference is the quantum numbers. For PINEM, the quantum numbers (in which one may search for entanglements) are n, k, while for two electrons, their energy states, κ, k are important. Thus, for physically relevant purposes, the two cases are sheared n = κ − k, as explained in the main text. One can also consider the 1 st electron spectrum as corresponding to the initial optical state, which differs from the final, non-coherent-state-like photon distribution.
3. Approaching strong-field PINEM for the 2 nd electron. Similar to section 2.2.2, c κ,k can resemble the experimentally measured PINEM for weak coupling limit. For a large energy deposition in the cavity by the first electron, one can assume ( + |k|) , κ, and approximate
The factorial approximation is justified in eq. (67). Considering the gain/loss dependent part of (40), including the term (κ − k)!, and changing k to |k| in a consistent manner for k < 0 and k ≥ 0, one can write the following equalities to combine the gain and loss parts
Incorporating that into eq. (40) gives a separable equation. Same logic here applied as
where, again, g = α 2 √ κ, and this retrieves the experimental Bessel-amplitudes of PINEM. One should note that the above separability is naturally occurring for the quantum numbers κ, k since the first electron is unaffected by any detail of the intaraction with a second elctron. It already left the interaction region. In the PINEM case, where the final state is expressed with n, k and κ = n + k, the two states cannot be separated. A similar treatment leading to eq. (24) would result in c n,k = e − |β| 2 2 β n+k √ n+k [· · · ], which is clearly not separable. For this reason, the suppression of quantum fluctuations is needed in eq. (24).
Ladder operators for the relativistic electron
• Assuming the energy is allowed in levels |n , the Hamiltonian comply withĤ |n = E n |n .
• In this section, n is the energy level-index of the electron, with respect to the zero-loss energy E n=0 = E 0 . The number operator isn
For the zero-loss energy,Ĥ |0 = E 0 |0 . E 0 relates to the electron rest energy E rest and the zero-loss momentum P 0 by E n=0 = E 2 rest + (P 0 c) 2 .
• For nearly plane-wave electrons, the ladder operators commute [b † , b] = 0. In that case, They cannot construct the Hamiltonian. The Hamiltonian is, by definition, sensitive to the level index, and hence cannot commute with a ladder operator, e.g.
• The momentum of state |n is P 0 + P n . Thus, it can be written as |n = exp i (P 0 + P n )
• The dispersion relation for the electrons around the zero-loss energy is
=E Zero−loss + v Zero−loss · P n 1 + 1 2 P n P 0 (45)
• For relativistic electrons, P n P 0 , the Hamiltonian is linear with the momentum, P n . The ladder operators can be written explicitly aŝ b † = e i∆kx andb = e −i∆kx , with ∆k = (P n+1 − P n ) / = ω 0 /v Zero−loss .
• To show the ladder operators are correct, one needs to show is thatĤ
Similarly,Ĥ (b |n ) = E n−1 (b |n ).
• Find B 1 , F 1 , G 1 assuming, say A 1 = 1,
.
(57)
Now one has a full expression for the mode's fields. The next step is to find the amplitude A 1 corresponding to a single photon, n = 1. Once one calculates g for classical field with the normalized amplitude ,it can directly be considered as the coupling constant, |g| = |α| n = |α|, quantitatively. For a propagating mode, the energy is time-stationary and azimutally uniform, so only the radial distribution requies calculation, at a given time. I choose the time of maximal E z , along the axis φ = 0. Thus, one can ignore field components that nullify along the axis of φ = 0, or those with a temporal phase shift i, since their quarter-cycle shift nullifies when E z maximal. The Field components other than E z are
i∂ r H z out-of-phase in time or φ H z , see eq. (57) H z is out-of-phase temporally.
The on-phase components, spatially and temporally are boxed. The others do not contribute. It is convenient to express the energy in terms of E and µ 0 ω H , since the factor µ 0 ω comes either from the above ratios. The energy is
Using the relations ε 0 = µ 0 c 2 −1 , one can write
To normalize the fiber mode across some volume, we choose a fiber length L [µm], with periodic boundary conditions, to allow for a unidirectional mode. This simplification can be easily taken into account in the cavity design, using the cavity effective length an any particular geometry. For example, the mode effective volume would be larger by a factor of √ 2 for a cavity encapsulated between two mirrors. The angular part is already normalized 2π 0 sin φ √ π 2 dφ = 1. Using these fields, one can require that A 1 normalizes the energy to that of one photon,
where one assumes the fields above were scaled according to eq. (53). Thus, A 1 is given by
This integral is evaluated for the inner and outer segments, a 0 and ∞ a using (J 1 (), n core ) and (K 1 (), n clad = 1) , respectively. At this point one has the classical field of an HE 11 fiber mode with an average energy of one photon. To evaluate the coupling constant, one only needs to calculate g via g = q 2 ω L 0 E z (r, φ = 0, z, t(z)), for the electron trajectory (z, t(z)) (see main text). Only E z (r > a) is relevant, to accelerate/decelerate an electron in vacuum. E z (r > a, φ, z, t) = B 1 K 1 w r a e i(ωt−βz)
The maximal relevant field is, available for electron coupling right at the fiber edge is E z a + , 0, 0, 0 =B 1 K 1 (w)
For a phase-matched interaction the electron experience a time-independent field, so E (r, φ, z, t(z)) = E (r, φ, 0, 0) . This is, quantitatively, the maximum electron-photon coupling α max = g n = qE z (a + , 0, 0, 0) 2 ω L .
One should note that the maximal coupling scales with the cavity length as 
Which we use to simplify the factorial terms in the electron-photon coupling and electronelectron coupling.
